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Tracker phantom field and a cosmological constant:
Dynamics of a composite dark energy model
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In this work, we study tracker phantom dark energy models with a general parametrization of the scalar
potentials. Our analysis also considers the scenario of having both phantom field and the cosmological
constant as the dark energy components. A detailed statistical analysis with current cosmological
observations shows an increase in the value of the Hubble parameter due to the presence of phantom
dark energy but it cannot alleviate the Hubble tension completely. Our results using Bayesian methods
suggest a decisive evidence in favor of a phantom field over a positive cosmological constant, although the
possibility of a negative cosmological constant cannot be ruled out, hidden in the dark sector.
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I. INTRODUCTION

Over the years, different cosmic microwave back-
ground (CMB) experiments like WMAP [1] and Planck
satellites [2,3] have constrained the standard Lambda cold
dark matter (ACDM) model with unprecedented accuracy,
and has made it the best observationally consistent model
of the accelerating Universe. This enhancement of our
ability to constrain the cosmological parameters with
greater accuracy has, of late, evidenced a statistically
significant tension in the estimation of H, between
observations from the early Universe like CMB and
baryons acoustic oscillation (BAO), and from observa-
tions from the late-time universe [4].

CMB Planck data [2] together with BAO [5,6], big bang
nucleosynthesis [7], and dark energy survey (DES) [8-10]
have constrained the Hubble parameter to be
Hy ~ (67.0 — 68.5) km/s/Mpc. On the other hand, cosmic
distance ladder and time delay measurements like those
reported by SHOES [11] and HOLICOW [12] Collaborations
have reported Hy = (74.03 +1.42) km/s/Mpc  and
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Hy = (73.31]4) km/s/Mpc, respectively, by observing
the local Universe. In the beginning, there was speculation
that this tension may have a systematic origin, but the
persistence and increasing of such tension over the years
(currently around 4.4¢) strongly suggests cosmologists
should think about possibilities beyond ACDM. For a short
update on the Hubble tension, see [13], and for a detailed and
comprehensive review, see [14] (see also [15] for a taxonomy
of recent models).

One of the proposed solutions to the Hubble tension, is
the departure of the dark energy (DE) equation of state
(EOS) from that of a cosmological constant wpg = —1 to a
phantom one wpg < —1 [16-19]. A phantomlike EOS of
the DE can generate extra acceleration of the Universe
compared to the cosmological constant, resulting in an
increment of the value of the H. Generally these models
can alleviate the Hubble tension within 2e.

Given the above motivation, here we make a revision of
phantom models with scalar fields. Although scalar fields
are widely used as alternatives to the cosmological con-
stant, they suffer from the coincidence and fine-tuning
problems. A probable way out for these models to alleviate
these problems is by considering the case of tracker
solutions [20,21]. In these solutions the scalar field energy
density tracks the background dominating energy density,
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and behave as an attractorlike solution for a wide range of
initial conditions. Recently, the existence of a general class
of tracker solution using a general parametrization of the
scalar field potentials for quintessence models has been
reported in [22]. These general tracker solutions not only
track the background, but can also give us a late-time
behavior of the Universe consistent with observations.

Unlike the quintessence models, the general tracking
behavior of the phantom models has not received enough
attention. Some studies have been done to study the tracking
behavior of the phantom fields but for very specific cases
[23-26]. In this work, we study the tracking behavior of the
phantom scalar field models for the same general para-
metrization used in [22,27], and show that it is possible to
write down a general tracking condition for the phantom
field and construct the corresponding solutions for a large
class of potentials.

We shall also consider a scenario in which the DE sector
consists of both the cosmological constant and the phantom
field. It is customary to neglect the cosmological constant
in alternative DE models, but in the case of scalar fields a
constant potential term does not affect the field dynamics but
only the density contribution to the Friedmann equation.
Taking advantage of this, we will evaluate whether obser-
vations indicate any preference for the cosmological constant
alone or for a composite model with more internal complex-
ity. In doing so, we do not exclude beforehand the possibility
of a negative cosmological constant, which has been recently
considered in [28-31].

The paper is organized in the following way. Section II
deals with the construction of the dynamical systems for both
the background and the perturbation equations of motion by
using the hyperbolic polar transformations. In Sec. III we
discuss the existence of different types of solutions and the
general condition for the tracking behavior using a para-
metrization of the scalar field potentials. The numerical
evaluations of the phantom models are studied in Sec. IV.
In Sec. V, constraints on the cosmological parameters are
given and Bayesian model comparison has been done. The
conclusion and summary of the analysis are given in Sec. VL.

II. MATHEMATICAL BACKGROUND

The equations of motion for the phantom scalar field are
revised here, following the same formalism as for other
scalar field models in [22,27,32,33], but with some neces-
sary changes to take into account the phantom nature of the
field. As mentioned above, the field dynamics is described
for both the background and the linear perturbations, with
the participation of both the phantom field and a cosmo-
logical constant.

A. Phantom background evolution

We consider a spatially flat, homogeneous and isotropic
universe described by the Friedmann-Robertson-Walker

metric filled with barotropic fluids and a phantom scalar
field. The Einstein field equations together with the wave
equation of the above mentioned Universe are

K2 .
H == (Zﬂj+ﬂ¢>’ pj==3H(p;+p;)  (la)
J

)
H:_E {Z(P/*‘Pj)‘i‘(/’tb""prﬁ)}’ (1b)

J
¢ =-3Hp+0,V(p). (1c)

where k*> = 872G, p ; and p; are, respectively, the energy and
pressure density of ordinary matter, a dot denotes derivative
with respect to cosmic time 7, and H = a/a is the Hubble
parameter, with a the scale factor of the Universe.

The index j runs over all the matter species in the
Universe apart from the scalar field (e.g., photons, baryons,
etc.), and the perfect fluids are related through the baro-
tropic relation p; = (y; —1)p;. The barotropic EOS
takes the usual values of y; = 4/3 for a relativistic species,
y; = 1 for a nonrelativistic one, and y; = 0 for a cosmo-
logical constant.

Given our interest to include a cosmological constant in
our analysis, we note that the phantom potential can also
be written in the form V(¢) = Vi, + V,(¢), where Vj is
simply a constant term and all the field dependencies in
the potential are encoded in the term V. The expressions
for the phantom energy density and pressure are, respec-
tively, py =—(1/2)¢" +V1(¢) + Vo and py = —(1/2)p"~
Vi(¢) — V. Notice that the dynamics of the phantom field
is not modified by the introduction of the constant term V/,
in the potential [see Eq. (1c)], but the latter only appears
in the equations of motion for the Hubble parameter (1a)
as an extra cosmological constant.

Under this freedom to include a constant term in the
phantom potential, we will refer to p, as the effective
density that contains all possible constant terms in the
total density, and likewise for the corresponding pressure
which satisfies the relation py = —p,. In line with this,
and for simplicity in the notation, hereafter we make the
change V(¢) — V(¢).

To ease the numerical solution of the phantom equation
of motion, and inspired by the case of the quintessence
field [22,27,33], we define a new set of hyperbolic polar
coordinates in the following form:

y V1/2
v inh(0/2), 3= =0y aoshi0)2)
(2a)
9, V12 V>
V1= —2\/E ¢H ) = —4\/§ q;; s (2b)
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in which the Klein-Gordon equation (Ic) is written as the
following dynamical system:

0' = —3sinh 6 -y, (3a)
o 3 /2 -
Vi =300t + € sinh(0/2)ys, (3b)
Q) = 3(Yiot — 79) - (3¢)

The prime denotes derivative with respect to the
number of e-foldings N =In(a/a;), with a; the initial
value of the scale factor. Here, 7o = (Piot + Prot) /Prot 18
the total EOS written in terms of the total pressure p,
and total density p,, of all the matter species. In
particular, the EOS parameter of the phantom field can
be written as y, = (p¢ +,0¢)/P¢, =1 —coshé.

A note is in turn. In the new variables (2) we assumed
that € is positive definite, and in consequence so is the
phantom density, p, = 3H*Q,,/k* > 0. This is not neces-
sarily the case of phantom fields, as for certain cases the
energy density can be negative. However, we will consider
initial conditions for a radiation dominated universe, and
then Q, — 0% at early times, which assures that Q, will be
positive definite for the rest of the evolution.

B. Phantom linear density perturbations

Now, we are going to consider linear perturbations around
the background values of the Friedmann-Robertson-Walker
line element (in the synchronous gauge),

ds* = —df* + (12(1‘) (5ij + hij)dxidxj, (4)

as well as for the scalar field in the form ¢(X,7) =
¢(t) + @(X,1). Here, h;; and ¢ are the metric and scalar
field perturbations, respectively. The linearized Klein-Gordon
(KG) equation for the phantom field, for a Fourier mode
@(k, 1), reads [34-37]

kK 0? |
o=t |5-C0 P Jih

where h is the trace of the spatial part of the metric
perturbation, and k is its comoving wave number.

Again, the perturbed KG equation (5) can be transformed
into a dynamical system by using the following change of
variables [33,38]:

2K 12
2 — Q7P cosh(9/2
3 , € cos (8/2), (6a)
KY19 12 p .
= —Q /"¢l sinh(8/2), 6b

where f# and 9 are the new variables introduced that
are related to the evolution of the scalar field perturbation.
With another set of variables defined through &y =
e’ sinh(6/2 + 9/2) and &, = € cosh(0/2 + 9/2), the per-
turbed KG equation (5) is transformed into the dynamical
system (see Appendix A),

K2 k?
8y = {_3 sinh @ — 2 (1- coshe)] 6 — psinht%o
J J

!

- % (1 =cosh@), (7a)

k2 k2
8 = <—3 cosh @ + k—f sinh 9> 5 — k—f (1 + cosh )8,
J J
7./

+ %sinh ) (7b)

where k3 = a?H?y) is the (squared) Jeans wave number, and

e (X +220,). (8)
eff a2H2 2y

In writing Eq. (7) we have used the relation 95V =
H%*(y3/4 = yy,/2) in Eq. (5). Similarly to the case of
scalar fields studied in [38,39], the variable &, is the
phantom density contrast, as from Eqs. (2) and (6) we find
that 3py/py = (=@ @ +@0yV)/py = S

Likewise, there is a Jeans wave number k; for the phantom
density perturbations that only involves the function y,
[32,38,39]. In the cases we will explore, one expects that
y1 S O(1), and then the associated Jeans scale length will
be equal to or larger than the Hubble horizon, k7! > 1/H,
which, in general, suggests that phantom perturbations will
be suppressed in subhorizon scales. It must be noticed that
there is another scale involved in the evolution of the density
perturbations, kgff, which means that tachyonic effects will
appear in phantom perturbations whenever k2; < 0 [38,39],
but this will depend on the chosen potential and the behavior
of the combined variable y,€,/y. In general, phantom
density perturbations are negligible, but we will include
them in our study for completeness.

III. PHANTOM SOLUTIONS

The equations of motion (3) can be closed if one writes
down a functional form of the variable y,. For purposes
of simplicity, but also to ease the comparison with the
quintessence case in [22,27], we take the following
general parametrization:

y2 = y(ag + ayy1/y + ayt/y?). )

In doing so, we will be implicitly considering the same
class of scalar potentials as in [27] (see Tables 1 and 2

123502-3



CEDENO, ROY, and URENA-LOPEZ

PHYS. REV. D 104, 123502 (2021)

therein), as they are found from the functional relations of
variables y, y;, and y,, which are independent of the nature
of the field ¢. A similar parametrization of the phantom
scalar field potentials has been suggested in [40].

A. Critical points

To calculate the solutions of physical interest, in this
section we start with the equations of the critical values 0.,
Yie and €. as obtained from the dynamical system (3),
namely,

—3sinh 6, —y;, =0, (10a)
’ +Q!/?sinh(6,/2)y, =0 (10b)
2}/t0tylc ‘bc s c Y2 =Y,

3(ytot - YrﬁC)Q()c =0. (10(:)

From Eq. (10a) we obtain the condition y;. = —3 sinh ..,
which is common to all possible critical points from
Egs. (10a)—(10c), and which will be also explicitly assumed
in the analysis below for the phantom tracker and phantom-
dominated solutions in the following sections. Furthermore,
if we consider Eq. (9) and the definitions of y and y; in
Eq. (2), then we get from Eq. (10b) either that sinh 8. = 0, or

2
Yol — %Q,,,C + 2, Q) sinh(6,./2) — 4a, sinh? (6,./2) = 0.

3
(11)

It is customary in the literature to classify the critical
points that appear in the phantom equations of motion, in
our case from Eqgs. (10) and (11). The first critical point is
the so-called fluid domination, for which Q. = 0. One
straightforward solution is sinh 8. = 0, which means that
the phantom EOS takes the critical value y,. = —1. In
contrast to the quintessence case, this time there is not a
kinetic dominated solution. Another possible solution
under the condition Q¢C = 0 is the tracker solution, but
that is studied in more detail in Sec. III B below.

One final note is that there are not scaling solutions for
phantom fields, in which the phantom EOS takes on the
same values as that of the background dominant component
Y4 = Yior» Unless the background component is the cosmo-
logical constant or a phantomlike component too.

B. Phantom tracker solutions

Let us first consider the case @y = 0 = «a;, for which we
obtain from Eq. (11) that the critical condition for the
hyperbolic variable is sinh?(6,./2) = yio/4a,. In terms of
the phantom EOS, the latter condition reads

Yoo = _}/tot/zaZ' (12)

Notice that in Eq. (12) we must choose positive definite
values for a, so that y, . < 0. Moreover, a quick compari-
son with previous studies confirms that Eq. (12) is the
tracker condition for phantom fields.

The potentials that exhibit the tracker behavior according
to BEq. (12) are of the power-law form V(¢) = M*~P¢P,
where p = 2/(1 4 2a,). In contrast to the quintessence in
which the tracker potentials are of the inverse power-
law type, this time the tracker condition is achieved for
0 < p <2 (corresponding to 0 < @, < o0), which means
that the phantom field evolves away from the minimum of
the potential while in the tracker regime.

As argued in [22], the tracker condition (12) is of wider
applicability if (a9, a;) # 0, as long as Q. is negligible,
which is generically expected at early times. Moreover,
if we can write y, = yf(y,/y), where f is an arbitrary
function of its argument, then the critical condition (11)
reads

M)] sinf. = 0. (13)

L

{97@ + Qe f (
e

In writing Eq. (13) we have used y;./y. = 3sinhé,./
Q7 cosh(6,./2)] = 3v/2sinh(6,/2) /<. Thus, the trac-

Qpc

ker solution exists whenever the following condition is
satisfied:

{ Ot (3\6 sinh(6,/2)

1/2
Q(/w

lim )} = g(sinh(0,./2)), (14)
Q4—0

where g(x) would be the resultant function after the
limit operation. The tracker equation derived from
Eq. (13) under the result (14) would simply read 9y, +
g(sinh(6./2)) = 0. Any valid solution of the latter equa-
tion should be considered a generalized tracker solution
for the phantom field.

C. Phantom-dominated solutions

Let us turn our attention to phantom-dominated solutions
at late times; these solutions are characterized by the
conditions €2;. = 1 and y, = 74.. Our main interest here
are the phantom-dominated solutions that are related to the
tracker solutions at early times.

A small note is in turn. The phantom EOS, given by
vy = —2sinh?(6,./2), is the same irrespective of the sign
of 0, but because y, < 0, & does not cross the zero value and
then one needs to choose either the negative or positive
branch of the hyperbolic sine. For convenience, we will
hereafter choose the negative branch, 8 <0, which also
allows for the potential variable y; to be positive definite.

Recalling that the first option for a critical value is
sinhf, = 0, we find that one possible asymptotic value
of the phantom EOS is y,. = 0, for which the phantom
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density is dominated by its potential part V(¢). This means
that at late times the phantom field approaches the behavior
of a cosmological constant.

Another possibility arises from the solution of Eq. (11),
which for the aforementioned conditions of phantom
domination reads

ay — 6a; sinh(6,/2) + 18(1 +2a,) sinh?(6,./2) =0.  (15)

The critical solutions of Eq. (15) will depend on the values
of the active parameters a. For the particular case of purely
tracker solutions, ag = 0 = a; the only critical solution
possible is again 6. = 0, and then y4. = 0, which means
that the phantom density will asymptotically behave as a
cosmological constant.

We now study the conditions for Eq. (15) to have at least
one negative solution, that is, 6, < 0, under the tracker
condition a, > 0. Let us start with @; = 0, for which the
solution of Eq. (15) is

sinh(0,./2) = £ [— (16a)

a 1/2
18(1 4 2ay)|

It is clear that oy < O is required to have a negative real
solution and then also y4. < 0.

In the case a; # 0, the general solution of Eq. (15) can be
written in the form

- ap + |a1|\/z

sinh(0,./2) = ¢ 020 (16b)

where A =1 —2ay(1 + 2a,)/aj. Notice that we require
A > 0 to have real valued solutions of Eq. (16b).

We first consider the case oy < 0. The latter implies that
A > 1, which then assures the existence of at least one
negative solution of Eq. (16b), irrespective of the value of «;.
In other words, a negative value of ¢ assures the existence of
a phantom EOS at late times for tracker potentials. Next, we
take the case oy > 0, such that 0 < A < 1. There will be at
least one negative solution of Eq. (16b), and then again a
phantom EOS, if a; < 0.

In summary, one consequence of our choice 8 <0 is
that the cosmological constant case (y4 = 0) is the only
asymptotic solution available for the phantom EOS if both
conditions @y > 0 and «; > 0 are satisfied, as for such
conditions there are not negative solutions of €. from
Eq. (15). In all other cases, as long as A > 0, the phantom
EOS remains below the phantom divide (y, < 0) and its
asymptotic value is given by the negative solution of Eq. (16).

IV. NUMERICAL SOLUTIONS

To obtain reliable numerical solutions of the phantom
equations of motion, we use the tracking condition (12)
discussed above to find a set of initial conditions that can be

related to the current observed values of the cosmological
parameters. The resultant equations are

2
coshf, =1+-—, yi; = —3sinh@;, (17a)
3(12
4(141/2ay) Qo \ F1/222
Q= A x g 11/2) <9—o Qo (17b)

where Q,4, Q, and Q,, are, respectively, the present
density parameters of relativistic matter, nonrelativistic
matter and the phantom field. The initial value of the scale
factor is given by a; which is typically considered to be
a; ~ 10714, The initial conditions for the variables @ and y,
are obtained directly from the tracking condition (12),
whereas the initial value of Qg is obtained from the
integration of the background equation (3c) for the radi-
ation and matter domination epochs.

For the numerical solutions, we rely on an amended
version of the Boltzmann code cLASS (v2.9) [41], which
internally adjusts the value of the constant coefficient A, so
that the desired value of the phantom density parameter €,
at present is obtained. For the initial conditions of the linear
perturbations, we simply use dp; = 0 and 0;; = 0, as the
evolution of the perturbation variables is mostly driven by
the nonhomogeneous terms in Eq. (7).

A. Phantom dark energy (¢)

Here we study purely phantom solutions, and then p, = 0;
we label this case as ¢. Typical examples for the behavior of
the phantom EOS are shown in Fig. 1 for the fixed value
a, = 5, together with different combinations of the other
active parameters  and ;. Other relevant parameters, like
the present density contributions of the different matter
species, were fixed to the values reported by the Planck
Collaboration (see their Table 1) [2].

In the top panel of Fig. 1, it can be seen that all solutions
maintain their tracker behavior at early times, as seen from
the values of the phantom EOS during the radiation and
matter domination epochs, which are —17/15 and —11/10
(dashed black lines), respectively. To write these asymptotic
values of the phantom EOS we have used the tracking
condition (12) for a, = 5 with y,,; = 4/3, 1 for the radiation
and matter dominated eras, respectively.

The evolution of the solutions from radiation to matter
domination for the different examples are so identical that
they are not distinguishable in the plot. Recalling that the
initial conditions are set up at a; = 10~'4, this indicates that
the tracker condition (12) is a stable solution of the back-
ground evolution at early times.

As for late times, a better view of the evolution of the
phantom EOS is provided in the bottom panel of Fig. 1, in
terms of the phase space (wgy,wy), where wj, = sinh6
(3sinh @ + y;). All solutions depart from the tracker point
at radiation domination (—17/15,0) (left black dot), and
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FIG. 1. Top: The evolution of the EOS w, for tracker phantom

models, with the values of the active parameters as indicated by
the triplets (ag,a;,a,) in the labels of the curves (for the
corresponding potentials see Table II in [27]). Bottom: Phase
space behavior of the phantom EOS, in the plane (w,, wﬁ/,) for the
same cases (with the same colors) as in the top panel. The blue
dot corresponds to the cosmological constant case, whereas the
black dots represent the tracker values at (—17/15,0) and
(=11/10,0), obtained from the tracker condition (12), corre-
sponding also to the dashed black lines in the top panel. The grey,
purple, brown, and light-blue dots indicate the solutions of
Eq. (15), which are also the asymptotic points for the corre-
sponding curves of the same color. See the text for more details.

evolve towards that at matter domination (—11/10, 0) (right
black dot), while tracking the background and with identical
evolutionary paths. Notice that the critical condition (10a)
results in w;S = 0 for the tracker points. Again, for the cases

in which ag > 0 and a; > 0, see Sec. III C above, the curves
are deflected away from the second tracker point and the
phantom EOS evolves towards the cosmological constant
point at (—1,0).

For all other cases, the asymptotic values of the phantom
EOS are also indicated by dots in the bottom panel of
Fig. 1, with the same color as that of the corresponding
evolution curve. The coordinates of the asymptotic points
(brown, purple, grey, and light blue dots) were obtained
from the solutions of Eq. (15).

To show the influence of phantom density perturbations
in models of phantom DE, we show in the top panels of
Fig. 3 the two-point temperature power spectrum CL7 of the
CMB and the mass power spectrum (MPS) of linear density
perturbations P(k), for the same numerical examples
shown in Fig. 1. In comparison with the standard case
with A as DE, we see that there are noticeable changes,
especially for the CMB spectrum, but only at large scales
and for the most extreme phantom values of the DE EOS.

B. Phantom-A dark energy (¢ + A)

We now turn our attention to the case in which both the
cosmological constant and the phantom field are part of the
DE budget, a case we label as ¢ + A. For a comparison
with the phantom case in the previous section, we show in
Fig. 2 the evolution of the density parameters Q, and Q, at
recent times, together with the phase space of the phantom
EOS for the same triplets (and colors) (ag,a;,a,) as
in Fig. 1.

For all plots, we chose Q) = 1.0. As the present density
contributions of the different matter species are fixed to the
values reported by the Planck Collaboration, the present
value of Q, was adjusted so as to fulfill the Friedmann
constraint for a flat universe. For this reason the contribu-
tion of the cosmological constant is, in general, negative;
see the top panel of Fig. 2.

Notice that the corresponding behavior of the phantom
EOS, as shown in the middle and bottom panels of Fig. 2,
is qualitatively the same as in the standard phantom case
in Fig. 1, the only difference being that the present EOS
seems to reach more negative values than in the phantom-
only case.

As for the phantom perturbations, we also show in Fig. 3
the temperature anisotropies and the MPS for the same cases
shown in Fig. 2. To compare our numerical results, the data
from different experiments has been plotted as references.
For reference, the CMB anisotrophies binned temperature
auto-correlation power spectrum data from Planck 18 [42]
has been used, whereas for the MPS we have used
Planck2018 CMB data [42], SDSS galaxy clustering [43],
SDSS Ly a forest [44], and DES cosmic shear data [45] (the
full data collection is explained in [46]).

There is an enhancement of the power at large scales in the
two observables, which seems to be an effect of the larger
contribution of the phantom field to the DE budget, and also
of the respective smaller influence of the (negative) cosmo-
logical constant. We have also plotted the relative differences
of the D, and P (k) with respect to the ACDM model in the
bottom panel of the plots. It can be seen for the D, the
deviation of the phantom models from ACDM is more at
both the higher multipole and lower multipole. For the P(k)
the difference from ACDM is more for higher scales. The
effects of different choices of o parameters can be clearly
seen from the difference plots.
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FIG. 2. Top panel: Late-time evolution of the density parameters
of the phantom field €, (dot-dashed curves), the cosmological
constant , (dashed curves) and the total DE budget (solid
curves). Middle panel: The evolution of the EOS w,, for the same
cases as in the top panel. Bottom panel: Phase space behavior of
the EOS (wg, wj;) for the same cases as in the top and the middle
panels. The dots in the bottom panel have the same meaning as in
the bottom panel of Fig. 1 above. See the text for more details.

V. COMPARISON WITH OBSERVATIONS

Here we present the constraints on the phantom tracker
models arising from the comparison with cosmological
observations. For this, we used the aforementioned

Boltzmann code crLAss and the Markov Chain Monte
Carlo (MCMC) sampler Monte PYTHON (v3.3), together
with the following observations: Pantheon, BAO (BOSS
DR12 [5], 6dFGS [47], eBOSS DR14 (Lya) [48], and
WiggleZ [49]). Keeping in mind the inconsistency of the
H, measurement by Riess ef al. [11] and CMB [2], we
have used a compressed Planck likelihood and the SHOES
prior on Hy, for all the models so that it can penalize all of
them equally. For completeness, we also included obser-
vations about cluster counts (SDSS LRG DR7 [50], SDSS
LRG DR4 [51] and WiggleZ [49]) to put constraints on
possible changes on the MPS because of the phantom
density perturbations (see Fig. 2 above).

For the compressed Planck likelihood, we considered the
proposal in [52] (see their Appendix A) for the baryon
physical density @, = Q,h? and the two shift parameters,

H*er(zdec)/DA(Zdec)v R= 'Q'MH%DA(Zdec)’ (18)

where z4.. is the redshift at decoupling and D, is the
comoving angular diameter distance. As stated in [52], we
have also verified that we recover the standard Planck
constraints on a flat ACDM model from the compressed
likelihood.

The sampled parameters and their corresponding
flat priors were as follows. For the physical baryon
density, 100w, = [1.9,2.5], for the physical CDM density
®cqm = [0.095,0.145], and the Hubble parameter H, =
[60,74] kms~! Mpc~!. Following the standard prescrip-
tion in CLASS, the present contributions of the DE
components are determined by the last from the closure
of the Friedmann constraint for a flat universe. In
particular for the Phantom + A case, and for numerical
convenience, we sampled the phantom parameter in the
range Q, = [0.1,1], and the contribution from A was
calculated from the Friedmann constraint (1a).

Finally, the phantom free parameters were sampled in
the ranges ay = [—12,12], a; =[-8, 8], and a, = [1, 16].
These ranges were chosen to ease the shooting procedure
that determines the present value of €2, but are also in
agreement with the expected values on typical potentials in
the literature. See, for instance, Table 1 in Ref. [27], where
the active parameters of the listed potentials are all of the
order of unity.

A. General constraints on model parameters

The obtained constraints on the models are shown in
Fig. 4, with their detailed values listed in Table I. Also, the
models considered were labeled as A (the cosmological
constant), ¢ (phantom DE), and ¢ + A (phantom and a
cosmological constant). For the latter two, we have two
further subcases: the purely tracker solution labeled as
¢ + a,, and the generalized one ¢ + a’s.
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FIG. 3.

k[h/Mpc]

On the left anisotropies of the CMB with the relative difference of the phantom models to the ACDM

[AD; = (D; — D)XPM) /DACPM] gt the bottom. On the right MPS also with the relative difference of phantom models to the ACDM
[AP(k) = (P(k) — P(k)APM) / P(k)ACPM] at bottom. These plots are for the same models shown in Fig. 1 (top panels, phantom DE) and in
Fig. 2 (bottom panels, phantom-A DE). The case of ACDM is also shown for reference in each case. See the text for more details.
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FIG. 4. Observational constraints on Hy, Q, 42, Sg and y., for
the same type of tracker potentials shown in Figs. 1, 2, and 3. The
labels in the plots correspond to the models in Table I. See the text
for more details.

In Fig. 4 we show the confidence regions for
the Hubble parameter H,, the physical matter density
Q) h*, the clustering amplitude Sg= 0g+/Q,/0.3,
where og is the RMS amplitude of mass on scales of
8h! Mpc in linear theory, and the effective DE equation of
state y.; at the present time. We first note that the
obtained values of H, and ,h* are the same for the
phantom models, which is expected from the strong
constraints imposed by the compressed Planck likelihood
on these parameters, even in the presence of other late-
time observations.

Note that there is a noticeable shift in the central
values of both H, and Q> parameters as compared
to the case of A, which is an effect that only appears
when late-time observations are included in the analysis.
However, the shift in the Hubble parameter in the
phantom models is far from solving the Hubble tension
with the SHOES measurement. On the other hand the Sy
parameter does not show any significant shift from the A
case, hence making these models incapable of solving the
Sg tension.

The effective barotropic EOS of the whole DE budget is
explicitly defined as
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TABLE L.

Fitted values of the different models described in the text. The confidence regions for the parameters are shown in Figs. 4
and 5, using the same labels for each case. The last column is for the model ¢ + A + a, with the extended prior Q,, = [0.1:2]. k is the
number of extra parameters with respect to the A case. See the text for more details.

Parameter A ¢+ as ¢+ a d+AN+as P+ A+ ¢+ A+ a, (Ext)
Hy 68.0103 69.1702 69.1702 69.010: 69.0102 69.28 1043
QF 01U 0lBE ol ol onagBY orasgi
SORAIET oMU OBISOEE 0sMGENS 0suEY omsym
Vet 0 —0.045109%8 —0.0451 0524 —0.04570-039 —0.04470:922 —0.0479210017
Q 0.69410004¢ 0 0 0.04627031 0.03717033 —0.350410:36
Q, 0 0.7013+0.0048 0.7012:+0.0046 0.6249:07 09138034 1.053704
a 0 8.99139 8.781 7% 8.4710% 8.561;% 10.48173
k 0 +3 +1 +4 +2 +1
AR 0 —6 =5 -5 -5 —4
In By, 0 +2.51 +2.13 +2.27 +2.05 +2.05
definite/positive definite/positive definite /positive definite/positive definite/positive
1 —_ ¢+as
Yefffﬁzrfﬂj, (19) —_— bt
T é+A+as
o+ A+ay
where the index j only runs through the DE components in
the model. In our case, given that by definition y, = 0, we
find that Yeft = ]/¢Q¢/(Q¢ + QA)
Clearly, if Q, = 0 (Q, = 0), i.e., if A (¢) is the only DE
component then the effective DE EOS simply is y. = 0
(Yer = 74)- More generally, if Q; > 0 and Q, + Q5 >0, a
negative value of y.+ would indicate a preference of the
observations for a phantomlike DE component. This seems
to be precisely the case as inferred from the values in Table I:
quite consistently y.; < 0 at 1-6. Moreover, the value of the
effective DE EOS is practically the same in the presence of
the phantom component, irrespective of the model and the
form and combination of the DE components, and just a little
bit below the phantom divide: y. 4 ~ —0.045.
In Fig. 5 we show the constraints on the active param- .
eters a of the phantom potential; see Eq. (9). The overall oSy

result is that, independently of the DE model with the
phantom field and A, the values of ¢ and ; are completely
unconstrained, which means that their inclusion does not
make any difference in the fitting to the data, and the latter
does not seem to support any added complexity on the
phantom models.

Another consequence of the unconstrained values of a
and a; is that the ultimate fate of the Universe under the
phantom models remains unknown, as any of the late-time
values of the EOS discussed in Sec. III C is equally likely.
In general, the big or little rip solutions cannot be discarded
under the models studied here.

Interestingly, the active parameter a,, which also con-
trols the tracker properties of the phantom model, appears
to be constrained by the data at around a, ~8.7. This

FIG. 5. Observational constraints on the active parameters of
the phantom potential o, a;, and a,. The labels are the same as in
Fig. 4 and Table I. See the text for more details.

suggests that the tracker values of the phantom EOS are
Yp.e = —0.077 (y4 . =~ —0.056) during the radiation (matter)
domination era. Although the deviation from the phantom
divide is small, it remains to be studied why the data seem
to prefer such negative values at early times.

To assess whether the observations have a preference for
any of the model variations studied here, we first compute
for each one the difference in the value of y2,  with respect
to A, which curiously enough is the same for all models
with phantom: Ayp,, = xj —xa = —5. This indicates that
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the quality of the fit increases a bit with the inclusion of ¢,
irrespective of the presence of A and of the active
parameters o’s.

Although there are more free parameters in the phantom
models than in the standard A case (see the number of extra
parameters k in Table I) this does not mean that such more
general models should be discarded. From a strict Bayesian
point of view, for a proper judgment, one must take into
account whether the data is able to constrain the extra
parameters. This is the case of the active parameters «
and «a,: being unconstrained by the data, the latter does not
provide evidence in favor of or against the models containing
them [53].

To have a more Bayesian assessment, we also show in
Table I the Bayes factors of the phantom models with respect
to the A case, such that In By, =InZ, —1In Z,, where Z
represents the Bayesian evidence. For the calculation of the
latter, for each model, we relied on the code MCEvidence
[54,55], which only requires the chains we generated with
MontePYTHON. We see that consistently In B,y > 2, which
means that there is definite/positive evidence, under the
considered set of observations, in favor of the presence of a
phantom DE component.

B. Model selection: Phantom vs A

Another question that we are interested in is whether data
indicate any joint contribution from both the phantom and
A components. To try an answer, we take advantage of the
above fact that two of the active parameters are uncon-
strained and then focus on the models with oy = 0 = «y,
which in turn makes it easier to find the numerical solutions
of the phantom models.

The results are shown in Fig. 6, for the parameters Q,,
Q,,h?, and Q. The variation in the phantom component
Q, was extended to the range [0.1:2], with the contribution
of Q, inferred from the Friedmann constraint. This case is
called as extended-¢p + A + a, in Table 1.

The interesting case is the combined presence of the
phantom field ¢ and A as DE components (orange contours):
the confidence regions seem to suggest a preference for a
lower value of Q,, even a negative one. In contrast, there is a
preference for large values of the phantom contribution, this
time of the order of unity for the density parameter, Q ~ 1.

However, probably more interesting is that the value
inferred for the A-only case (green contour) appears to be
located in a low likelihood region when compared with the
results of the combination ¢ + A + a, (orange contour).
Correspondingly, the result for Q, of the phantom-only case
(blue contour) is located within the region of maximum
likelihood suggested by the extended case ¢ + A + a,. As
seen from Table I, the Bayes factor with respect to the model
A, In B, ~ +2, again reinforces our previous result that the
data favors the presence of a phantom component in the DE
budget.

—
O+ A+

—

0.146

0.144

Q]\[hz
o
3

-1.07 -0.61 -0.15 031 077 0139 0.14 0.142 0.144 0.146 029 0. 57 1.05 143 181

Qa Quh? Qy

FIG. 6. Observational constraints on Q,, Q,,/4%, and Q, for the
extended models indicated in the labels, see also Table I. See the
text for more details.

In other words, the conclusions from the Bayes factor
appear to be conservative with respect to the parameter
estimation shown in Fig. 6: even though we were unable to
try the null value €2, = 0 because of numerical limitations,
such value seems to be ruled out at 95% confidence level.
Hence, the moderate rejection of the model A-only comes
from the penalization the Bayes factor puts on the extended
model ¢ + A + a, for using prior values of Q, that yield
very low likelihood [53,56-59].

Taken together: the fit improvement, the conservative
rejection from the Bayes factor, and the informative poste-
riors in Fig. 6, lead us to conclude that the data seem to rule
out a significant contribution of a positive A in our models;
rather, the data seem to prefer the phantom-only model. It is
still possible to consider a contribution from a negative A,
although none of our aforementioned tests, not even together,
gives us decisive hints about such possibility.'

VI. DISCUSSION AND CONCLUSIONS

In this work, we have studied the tracking behavior of the
phantom dark energy models and analyzed its dynamics
under a general parametrization of the phantom field poten-
tial. For that, we defined a new set of hyperbolic polar
variables to write down the Klein-Gordon equation of the

'In Appendix B we revise the odds of the models in terms of
the so-called Savage-Dickey density ratio, which illustrates the
interplay of the posterior and the prior of £, on the calculation of
the Bayes factor in our models. For comparison, we do the same
in Appendix C for the case of a fluid model with a constant EOS
accompanying A as a DE component.
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phantom scalar field as a set of an autonomous dynamical
system. The influence of the linear density perturbations has
been also incorporated in the analysis. The sufficient and
necessary condition for the phantom field to have a tracking
behavior also involves just one active parameter and can be
generalized even including the other active parameters as
long as the Q, is negligible in the early Universe.

Apart from the tracking solutions, dynamics of other kinds
of solutions such as scaling and phantom-dominated solu-
tions are also discussed. We find that scaling solutions do not
exist for the phantom model, whereas for the phantom-
dominated solutions the asymptotic behavior is similar to the
cosmological constant for our choice of & < 0. The numerical
solutions for a wide range of active parameters have been
studied. It is interesting to note that all solutions for each set
of active parameters track the background fluid identically
until it reaches the deep in the matter domination era. The
degeneracy of the solutions is broken at the late time and
the present value of the DE EOS depends significantly on the
choice of the so-called active parameters.

A combination of recent cosmological data has been used
to constrain the cosmological parameters. Three different
types of models have been presented: cosmological constant
(A), phantom DE (¢), and the phantom DE with cosmo-
logical constant (¢ + A). The latter two cases were also
studied for pure tracking solution (¢, = a; = 0) and general
tracking solution (e, a; # 0). Different as the case for @, the
statistical analysis cannot constraint a,, a;, which suggests
that the tracker value of the phantom EOS was slightly lower
than the cosmological constant throughout both the matter
and radiation dominated era. Although there is a noticeable
shift in the central value of H, due to the presence of a
phantom field it cannot solve the H|, tension completely.

While doing the model comparison using up the concept
of the Bayes factor, we found that data favor the existence of
phantom DE over the positive cosmological constant. The
main result is that a negative cosmological constant can not
be ruled out while there is a phantom scalar field component,
which agrees with the results obtained in [28]. This may
indicate that the dynamics of the DE sector might be more
complex than in single-component models. It will be
interesting to investigate multicomponent DE models with
at least one phantom scalar field, which we expect to present
elsewhere.
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APPENDIX A: PHANTOM PERTURBATIONS

With the aim of working within the same scheme we
used for the background in Sec. II, where we were able to
write down a dynamical system for the KG equation, we
now propose the following new variables for the scalar field
perturbation ¢ and its derivative ¢:

2k 12 4
T —Q/“e“cosh(9/2), (Ala)
K19 1/2 .
= —-Q /“e%sinh(8/2). Alb
U= —@fersion/2). (AlD

After some algebraic procedure, the equations of motion
of linear perturbations (5) can be written in terms of the
polar variables a, 9 as

k
9 =3sinhd —2— (1 —coshd) + y,

2
2
k3
—2e7 %N smh< > smh( )

0 O\ | »2
Q!/?|cosh ~)—cosh(=]) |2, (A2
+Q/ [cos («9+2> cos (2” W (A2a)
.3 K2
a 2(coshé’Jrcosh 9) - 2s1nh19
k3
+ e N smh< ) cosh( >
o2 0 9
+ % [sinh <§) — sinh (8 + 2)} i ? (A2b)

If we now define §, = ¢*sinh(6/2 + 9/2) and &, =
e cosh(0/2 + 9/2), then we can rewrite Eq. (A2) in terms
of the new variables d, and §; to obtain Eq. (7).

APPENDIX B: PHANTOM TRACKER PLUS A:
A NESTED MODEL AND THE SAVAGE-DICKEY
DENSITY RATIO

We use here a common approximation for nested models,
the so-called Savage-Dickey density ratio (SDDR) [53,60]
(see also [56,01] and references therein for more details) to
calculate the Bayes factor between the models A and ¢ + A.
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We can use this approximation because the model A is
properly nested within the model ¢ + A: the former is
obtained from the latter if we set Qj = 0 (for more details
see Appendix A in [56]).

The SDDR in our case is then the ratio of the marginalized
posterior of €2 to its prior, both evaluated at the point €.
That is, given the flat prior on €, say in the range
[Qy1:Q,,], the Bayes factor is then

InB = In [P(Q)(Qy — y1)]. (B1)
where P(Q,) is the marginalized posterior. This is true
irrespective of the values taken by the active parameters a.

In Fig. 7 we show the marginalized posterior P(Q) for
the extended model ¢ + A + a, after normalization, as
calculated from the histogram inferred from the MCMC
chains. The orange curve is a Beta probability density
function (PDF) fitted to the histogram, whereas the rec-
tangle (black horizontal line) with height 1/1.9 represents
the prior.

Although we were not able to explore the values €2, < 0.1
because of numerical limitations, it is clear that our results
strongly suggest that In B — —oo as ; — 0, and in conse-
quence the simplest model A, with no phantom contribution,
appears to be strongly rejected by the data.

Another possibility we can explore is to consider a model
without A (€, = 0), which corresponds to the value for
which the phantom field ¢ makes up the whole of the DE
budget at Q ~ 0.7 (vertical dashed red line in Fig. 7). For
this latter value, the Bayes factor is In B = 0.19, which
means that the evidence is inconclusive for Q, = 0.
Actually, the mode of the beta PDF in Fig. 7 is located
at Q4 ~0.98, for which we get In B = 0.41, and then the
evidence is also inconclusive with respect a negative value
of A (in this case corresponding to Q, ~ —0.28).

P(Qy)

025 050 075 1.00 125 150 175 2.00
Qy

FIG. 7. The (normalized) histogram of the parameter
obtained for the model ¢ + A. The orange curve is a beta
PDF fitted to the histogram obtained from the MCMC chains,
the horizontal black line represents the flat prior, and the vertical
dashed lines indicate the mode of the beta PDF (orange) at €, =
0.98 and the value Q; = 0.7 (red). See the text for more details.
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FIG. 8. Top: Observational constraints on Q,, Q,,h?, cg, and
Qgy for the models with a cosmological constant A, with a
combination of a fluid plus a cosmological constant F + A, and
with only a fluid component F. Bottom: The (normalized)
histogram of the parameter Qg obtained for the model
F + A. The orange curve is a Gamma PDF fitted to the histogram
obtained from the MCMC chains, the horizontal black line
represents the flat prior, and the vertical dashed lines indicate
the mode of the Gamma PDF (orange) at €, = 0.46 and the
value Qfy = 0.7 (red). See the text for more details.

In summary, the SDDR gives results consistent with our
calculations in Sec. V, in that there is strong evidence in
favor of the presence of a phantom component, but the
difference between a purely phantom DE and a combina-
tion with a negative A is not conclusive.

APPENDIX C: FLUID F PLUS A

To compare the results in the main text with another type
of DE model, we repeated the calculations for a phantom
fluid (F)) with a constant EOS wy, which is the simplest
generalization from a cosmological constant.
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TABLE II. Fitted values of the free parameters in the models
with a general fluid. The confidence regions for the parameters
are shown in Fig. 8 (top). See the text for more details.

Parameter Fluid + w, Fluid + A + wy
Hy 69.31087 69.147083
¢ 0.1419°35%) 014181335
re 006555001 00503343
Q 0 —0.06234105¢
Qia 0.703 05028 0.76431022

k +1 +2

M -5 =5

InBpp +1.04 Weak +0.79 Inconclusive

The DE budget is then composed of a general fluid
and A, and we varied the fluid contribution and its EOS in
the ranges Qg =[0:2] and wy = [-1.2: —0.8]. The
resultant plots, after the comparison with the same set
of data as for the phantom field in the main text are shown
in the top panel of Fig. 8, whereas the fitted values
are listed in Table II (for comparison see Table I). The
Bayes factor were also calculated with the code
MCEvidence [54,55].

The fit to the data is again improved with respect to the
A only case, and the results on the different observables
look quite similar to those obtained for the phantom field
(see for instance Fig. 6). However, the Bayes factors
indicate that the evidence in favor of the presence of the
fluid component is at most weak with respect to A only.

This can be verified also by means of the SDDR as in
Appendix B above, and then the Bayes factor can be
written as

InB = 1In[P(Q14) Q12 — Lp1an)]- (C1)
where P(Q/,,) is the marginalized posterior of Q, the
latter represented by the histogram shown in the bottom
panel of Fig. 8. The orange curve is a Gamma PDF fitted
to the histogram, whereas the rectangle (black horizontal
line) with height 0.5 represents the prior.

The Bayes factor for Q/; = 0, according to Eq. (C1), is
In B = -2.21, whereas for Q, = 0, with only the fluid
component as DE, is In B = 0.55. Moreover, the mode of
the Gamma PDF is located at €, ~0.46, with corre-
sponding Bayes factor In B = 0.71. Overall, these results
suggest that the most likely scenario resembles more the
equipartition of the DE budget between A and the fluid
component, where A remains positive definite (see also
[29] for a similar study but different results).
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