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a b s t r a c t

In this work we propose a simple general parametrization scheme of the Hubble parameter for the
scalar field dark energy models. In our approach it is possible to incorporate both the quintessence and
phantom scalar field in a single analytical scheme and write down relevant cosmological parameters
which are independent of the nature of the scalar field. A general condition for the phantom
barrier crossing has also been obtained. To test this approach, a well behaved parametrization of the
normalized Hubble parameter has been considered and a wide variety of observational data like CMB
data, Supernovae data, BAO data etc. has been used to constraint the various cosmological parameters.
It has been found that data prefer the present value of the equation of state of the dark energy to be
in the phantom domain. One interesting outcome of this analysis is that although the current value
of the dark energy equation of state is phantom in nature, a phantom crossing of the EOS has taken
place in the recent past. We have also carried out the Bayesian model comparison between ΛCDM
model and the proposed model which indicates that this model is favored by data as compared to
ΛCDM model.

© 2022 Elsevier B.V. All rights reserved.
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1. Introduction

Even after two decades of its discovery, the reason behind
ccelerated expansion of the universe [1–5] remains a mystery.
oreover the observational data also suggest that the onset of

his accelerated phase has taken place very recently, at around
∼ 0.5 [6,7]. If we consider the theory of gravity to be gen-

ral relativity, any proposed candidate behind the accelerated
xpansion of the universe referred to as ‘‘dark energy’’ (DE) must
ave a sufficient negative pressure to counterbalance gravity and
rive the accelerated expansion [8]. Cosmological constant (Λ),
he most successful of all proposals, is however troubled by the
hallenges coming from both theoretical and observational sides.
n alternative proposal is a dynamical DE model. Till now a vari-
ty of such DE models have been proposed, such as quintessence,
-essence, phantom, chaplygin gas, tachyon models, holographic
E models and so on [9–18]. But the origin and nature of DE still
emains unknown despite many years of research and remains an
pen problem.
In the very recent years, cosmological studies have evidenced

n additional open problem, namely the H0 tension which arises
s a result of discrepancies in the inferred value of H0 from
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different types of measurements. The CMB Planck collaboration
[19] (including BAO [20,21], BBN [22] and DES [23–25]) have
estimated the present value of the Hubble parameter to be H0 ∼

67.0 − 68.5) km/s/Mpc. On the other hand, cosmic distance
adder and time delay measurements reported by SH0ES [26]
nd H0LiCOW [27] collaborations have estimated H0 = (74.03 ±

.42) km/s/Mpc which has been obtained from the Hubble Space
elescope observations of 70 long-period Cepheids in the Large
agellanic Cloud [26]. At the beginning the origin of this dis-
repancy was thought to be from the systematic. Currently the
iscrepancy has moved to the order of ≃ 6σ forcing us to expand
ur thinking beyond the ΛCDM.
There have been a number of attempts to address these prob-

ems (See [28–30] and the references therein), which includes
ifferent dynamical dark energy models with a dynamical equa-
ion of state (wDE ̸= −1) for the dark energy (DE) component
31–33]. It has already been shown by a number of authors that
phantom-like equation of state (EoS) of the dark energy sector
an effectively speed up the acceleration of the universe which
esults in a higher value of the Hubble parameter H0 [34–36].

There have been a number of attempts to address these prob-
ems (See [28–30] and the references therein), which includes
ifferent dynamical dark energy models with a dynamical equa-
ion of state (wDE ̸= −1) for the dark energy (DE) component
31–33]. Modification of the dark energy sector both in the early
imes and late times have been proposed as the solutions to
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he H0 tension. Though several works [37–39] have suggested
that the early time modifications work better than the late time
modifications, a modification of both the early time and late time
physics might be needed to fully solve the H0 tension [39]. In
ate time modification of the dark energy sector, it has been also
eported that phantom models perform better than quintessence
odels when one considers the H0 tension. Even the quintessence
odels make the H0 tension worse [40]. In [41] it has been
hown that if one considers the late time modification as a small
erturbative deviation from the ΛCDM , the necessary condition
o solve the H0 tension would be phantom-like EoS of the dark
nergy. This is because a phantom-like equation of state (EoS) of
he dark energy sector can effectively speed up the acceleration
f the universe which results in a higher value of the Hubble
arameter H0 [34–36].
Since there is no preferred theoretical model of dark energy

DE) which can perfectly describe all the observed phenomena of
he late time dynamics of the universe, there have been attempts
o construct theoretical models of DE right from the observational
ata. A very useful approach in this context is parametrization
f DE models in which a functional form of a particular DE
arameter, viz, equation of state (EoS) of the dark energy, Hubble
arameter etc. is chosen. Then the evolutions of the cosmological
arameters are studied and various cosmological data sets are
sed to constrain these parameters.
In this work, we revisited the quintessence and phantom

calar field models and present a general scheme to write down
he relevant cosmological parameters in terms of the normalized
ubble parameter E(z) = H(z)/H0, current matter density Ωm0
nd the redshift z. The interesting aspect of this approach is
hat the final expressions of the cosmological parameters do not
xplicitly depend on the nature of the scalar field. We have con-
idered a parametrization of the Hubble parameter H(z), which
is one of the most crucial and important parameter for under-
standing the evolution of the universe. One can, in principle,
parametrize the dark energy equation of state (EoS) wDE or the
dark energy density ρDE as well; but the contributions from the
dark energy sector eventually enter the dynamics through the
evolution of H(z). This is one of the reasons why we chose
to parametrize H(z), as all other cosmological parameters are
directly related to it. Till now a number of parametric forms
of Hubble parameter have been proposed (see [42–44] and the
references therein) in the context of quintessence scalar field
models of DE.

We have considered a general approach in which the field
equations have been written in terms of the switch parameter
ϵ which can represent both the quintessence (ϵ = +1) as well
s phantom scalar field models (ϵ = −1). A publicly available
ersion of the Boltzmann code CLASS [45–47] has been amended
o study the numerical evolution of the model. A detailed cos-
ological data analysis has been done using the MCMC code
ontepython V3.5 [48,49] using various cosmological data sets.
e have also compared our model which we name φCDM here-

fter with the Λ Cold Dark Matter (ΛCDM) model using the
oncept of Bayes factor.
The present paper is arranged as follows. The basic mathe-

atical formulation and the dynamics of the scalar field have
een presented in Section 2. This section also deals with the
arametrization of E(z) and derivation of analytical expressions
or various cosmological parameters corresponding to this
arametrization. The observational constraints on the parameters
f the model and the numerical evolution of the cosmological
ystem have been summarized in Sections 3.1 and 3.2 respec-
ively. Finally we conclude by presenting our results and findings
n Section 4.
 t

2

2. Scalar field dynamics

For a spatially flat, homogeneous and isotropic FRW universe
filled with the scalar field, the Einstein’s field equations and KG
equation for the scalar field are given by (with 8πG = c = 1)

3H2
= ρm + ρφ = ρm +

1
2
ϵφ̇2 + V (φ), (1)

2Ḣ + 3H2
= −pφ = −

1
2
ϵφ̇2 + V (φ), (2)

ϵφ̈ + 3ϵHφ̇ +
dV
dφ

= 0, (3)

where H =
ȧ
a is the Hubble parameter, ρm is the matter energy

density. The index ϵ, which is named as the switch parameter,
characterizes the nature of the scalar field φ. If ϵ = +1 the field
is quintessence field and if ϵ = −1 the field is phantom in nature.

The matter energy density is represented by ρm, which varies
with the scale factor as ρm = ρm0a−3 where ρm0 is the current
value of the matter energy density. The energy density for the
scalar field can be expressed as ρφ =

1
2ϵφ̇

2 + V (φ) and the
pressure component as pφ =

1
2ϵφ̇

2 − V (φ). V (φ) is the potential
associated with the scalar field φ.

By simple rearrangement of terms, from Eqs. (1), (2) and (3) it
is possible to express the derivative of the Hubble parameter (Ḣ)
and scalar field potential V (φ) as,

2Ḣ = −
ρm0

a3
− ϵφ̇2 (4)

and

V (φ) = Ḣ + 3H2
−

ρm0

2a3
(5)

A further rearrangement of Eq. (4) and use of the standard
relation Ḣ =

1
2a

d
da (H

2) gives

d
da

(H2) +
ρm0

a3
= −ϵφ̇2. (6)

Again φ̇ can be expressed as

˙ = aH
(
dφ
da

)
. (7)

Using Eqs. (6) and (7), the derivative of the scalar field φ with
respect to redshift z can be expressed as

dφ
dz

=

[
2E dE

dz − 3Ωm0(1 + z)2

ϵE2(1 + z)

] 1
2

(8)

Here, we introduce the normalized Hubble parameter E(z) =
H(z)
H0

,
where H0 is the present value of Hubble parameter and Ωm0 =
ρm0
3H2

0
corresponds to the present value of the matter density pa-

rameter. From now onwards, in the text we would denote E(z)
by simply E for the convenience of writing the equations.

In a similar fashion it is possible to express the scalar field
potential given in Eq. (5) in terms of E(z), Ωm0, and z as

V (z)
3H2

0
= −

(1 + z)
3

E
dE
dz

+ E2
−

1
2
Ωm0(1 + z)3 (9)

One can consider V (z)
3H2

0
as the effective potential for the scalar field

(in units of critical density ρcrit = 3H2
0 since 8πG = 1). It is

nteresting to note that in the expressions of V (φ) or equivalently
(z) given in Eqs. (5) or (9), there is no explicit dependency on
he switch parameter ϵ. This behavior is expected as the nature of
scalar field depends on the kinetic term and not on the potential
erm.
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It is also possible to express the density parameter for the
atter field (Ωm), density parameter for the scalar field (Ωφ),

he equation of state parameter (wφ(z)) and the deceleration
parameter q(z) in terms of the normalized Hubble parameter E(z)
as

Ωm(z) =
ρm

3H2 =
Ωm0(1 + z)3

E2 , (10)

φ(z) = 1 − Ωm(z) = 1 −
Ωm0(1 + z)3

E2 , (11)

wφ(z) =
−1 −

2Ḣ
3H2

Ωφ

=

2
3 (1 + z)E dE

dz − E2

E2 − Ωm0(1 + z)3
, (12)

q(z) = −1 −
Ḣ
H2 =

(1 + z)
E

dE
dz

− 1. (13)

imilar to the potential V (φ), for the above set of Eqs. (10) to (13)
lso, it is evident that all the relevant cosmological parameters are
ndependent of the switch parameter ϵ and hence are identical
or quintessence as well as phantom fields. However, it deserves
ention here that this independence is only apparent and the

nherent dependency on ϵ comes through the evolution of the
ormalized Hubble parameter E(z). Since the evolution of E(z)
irectly depends on the nature of the scalar field, i.e, on the
alue of ϵ, the evolution history will obviously be different for
uintessence and phantom fields even if we consider the same
orm of potential for both. One very important aspect to note
ere is that in Eq. (8), for the term dφ

dz to be real, two different
onditions needs to be satisfied. For the quintessence field 2E dE

dz −

Ωm0(1+z)2 > 0 and for the phantom field 2E dE
dz −3Ωm0(1+z)2 <

. More interestingly the dark energy EoS given in Eq. (12) can be
ecast as

φ(z) = −1 +
1 + z
3ΩφE2

(
2E

dE
dz

− 3Ωmo(1 + z)2
)

, (14)

hich is directly related to the nature of the scalar field as
entioned above. As long as the quantity 2E dE

dz − 3Ωm0(1 + z)2
s positive, the scalar field will behave as a quintessence field.
ventually as the scalar field evolves with time and the quantity
E dE

dz − 3Ωm0(1 + z)2 becomes negative, the field will behave as
phantom one. The phantom crossing will occur at a redshift
= zλ for which 2E dE

dz − 3Ωm0(1 + z)2 = 0 and the EoS
f the scalar field will coincide with that for the cosmological
onstant. A general conclusion regarding the phantom barrier
rossing for the DE models can be drawn from here. Any dark
nergy model for which 2E dE

dz − 3Ωm0(1+ z)2 > 0 for z > zλ, and
2E dE

dz − 3Ωm0(1 + z)2 < 0 for z < zλ should undergo a phantom
barrier crossing.

Conventionally one can consider a particular form of a po-
tential V (φ) and study the evolution of the quintessence field
and phantom field separately. In our current approach one can
consider a particular parametrization of E(z) and reconstruct all
the cosmological parameters from it. Though consideration of a
particular form of E(z) is equivalent to the consideration of a
potential in view of Eq. (9), the advantage of our approach is that
one can study both the quintessence and phantom field in a single
framework. Moreover recent cosmological data sets can be used
to constrain the cosmological parameters together with the EoS
of the dark energy which can also help us to determine the nature
of the scalar field, quintessence or phantom.

In the present work we have considered the following
parametrization of the normalized Hubble parameter E(z) as toy
model, in order to reconstruct other cosmological parameters,

E(z) =

[
1 + pz

(
b +

z
+

z2
)] 1

2

(15)

c d

3

where b, c , d and p are nonzero real numbers. We have put c and
in the denominator, so as to make it sure that c, d are nonzero
arameters and the polynomial parametrization considered is
onlinear for all values of c and d. Also this will ensure that even
f when p = 0, the parametrization will not lead to any unphysical
esult. Now the Hubble parameter H(z) can be expressed as,

2(z) = H0
2
[
1 + pz

(
b +

z
c

+
z2

d

)]
. (16)

The functional form chosen in Eq. (15) (or equivalently in Eq. (16))
is completely phenomenological, where H2(z) happens to be a
second order polynomial in z. Also it can be seen from Eq. (15)
that at z = 0, H(z) = H0 and one gets back the present value of
he Hubble parameter. Notice that for the choice of p = 0, the
bove equation also represents the current value of the Hubble
arameter, thus the second term in the above parametrization
an be considered as the deviation from the present value of
he normalized Hubble parameter. For non zero values of the
arameter p, at late times when z ≪ 1, the deviation is small but
or early times, when z > 1, it can have large deviation depending
n the choice of the parameters. This behavior is expected for any
arameterized quantity from the observational point of view.
Now for this particular choice of E(z) given by (15), Eqs. (10),

11), (12) and (13) take the form

m(z) =
Ωm0(1 + z)3[

1 + pz
(
b +

z
c +

z2
d

)] (17)

φ(z) = 1 −
Ωm0(1 + z)3[

1 + pz
(
b +

z
c +

z2
d

)] (18)

φ(z) =

p
(
b − 2bz +

2z
c −

z2
c +

3z2
d

)
− 3

3
[
1 + pz

(
b +

z
c +

z2
d

)
− Ωm0(1 + z)3

] (19)

nd

(z) =

p
(
b − bz +

2z
c +

3z2
d +

z3
d

)
− 2

2
[
1 + pz

(
b +

z
c +

z2
d

)] (20)

For the sake of completeness, using Eq. (15) in Eqs. (8) and (9),
we have also provided the expressions for the potential φ(z) and
V (φ) for this particular choice of E(z).

φ(z) =

∫ ⎡⎣p
(
b +

2z
c +

3z2
d

)
− 3Ωm0(1 + z)2

ϵ(1 + z)
[
1 + pz

(
b +

z
c +

z2
d

)]
⎤⎦

1
2

dz (21)

and

V (z)
3H2

0
= −

p(1 + z)
(
b +

2z
c +

3z2
d

)
6

+[
1 + pz

(
b +

z
c

+
z2

d

)]
−

1
2
Ωm0(1 + z)3

(22)

he expression for the scalar field EoS wφ , given in Eq. (19), can
be equivalently written in a more compact form in terms of the
scale factor ( a

a0
) as

wφ =

3w0

(
a
a0

)3
+ 2w1

(
a
a0

)2
+ w3

(
a
a0

)
3
[
w2 − w0

(
a
a0

)3
− w1

(
a
a0

)2
− w3

(
a
a0

)] , (23)



N. Roy, S. Goswami and S. Das Physics of the Dark Universe 36 (2022) 101037

w

d
Λ

e
v
(
t

q
t
t
e
c

3

a
r
t
a
i
n
i
e
t
f
l
o
s
w
f
t
T
t

3

s
[
i
[
S
b
l
h
b
θ

b
t

2
1

t
w
a

i
t
w
p

χ

φ

Λ

f
o
c
o
l

i
p
c
c

here w0, w1, w2, w3 are new set of parameters which are
related to our old set of parameters p, b, c, d in the following way:

w0 = [p(bcd − d + c) − cd], w1 = p[2d − bcd − 3c],

w3 = p(3c − d) and w2 = pc − Ωm0cd .

All others cosmological parameters can also be written in
terms of the new set of parameters w0, w1, w2, w3 (please see
Appendix A for details). From Eq. (23), the present value of the
EoS of the dark energy wφ0 can be expressed as

wφ0 = −1 + δ(w0, w1, w2, w3),

where δ(w0, w1, w3) =
w1−3w2+2w3

3(w0+w1+w3−w2)
can be considered as the

eviation from the pure ΛCDM model at present. One can recover
CDM model (wφ0 = −1) when w1 − 3w2 + 2w3 = 0 or
quivalently pb = 3Ωm0 at present. Hence, depending on the
alues of the model parameters (w0, w1, w2, w3) or equivalently
b, c, d, p and Ωm0), the present value of the EoS will be either in
he quintessence region or in the phantom region.

This general setup gives us the advantage to study both the
uintessence and phantom field together. It would be interesting
o investigate the dynamics of the dark energy sector considering
he above mentioned parametrization of the EOS of the dark
nergy, or equivalently the scalar field models, against the current
osmological data.

. Numerical investigation and observational constraint

Our aim here is to study the numerical evolution of our model
nd find the observational constraints on the cosmological pa-
ameters by comparing it to the observational data sets. In order
o do so we have used the expression of wφ given in Eq. (23) and
mended a public version of the CLASS Boltzmann code to include
t in the dark energy sector as a fluid. From now onward, we will
ame this scalar field model as φCDM model. It has been shown
n [50,51] that the same late time dynamics of the scalar field dark
nergy models can be achieved for a variety of potentials. The late
ime dynamics is governed by the EoS parameter of the scalar
ield and similar forms of EoS parameter can be obtained for a
arge class of potentials. Thus it is expected that, consideration
f the EoS of the scalar field as a fluid in the CLASS code will re-
emble the same dynamics as the scalar field itself. In Appendix B,
e have presented a comparison between the analytical solutions

or different cosmological parameters obtained in this work and
he corresponding numerical solutions obtained from CLASS code.
he MCMC code Montepython3.5 [48] has been used to estimate
he relevant cosmological parameters.

.1. Observational constraints

Cosmological data sets which we have used for the analy-
is are as follows: Pantheon [52], BAO (BOSS DR12 [53], 6dFGS
54], eBOSS DR14 (Lya) [55] and WiggleZ [56]). We have also
ncluded (SDSS LRG DR7 [57], SDSS LRG DR4 [58] and WiggleZ
56]) which are the observations related to cluster counts. A
H0ES prior together with the compressed Planck likelihood has
een imposed. The compressed Planck likelihood has more or
ess the same constraining ability as the full Planck likelihood. It
as been constructed by considering only three parameters, the
aryon physical density ωb = Ωbh2 and the two shift parameters

∗ = rs(zdec)/DA(zdec) and R =

√
ΩMH2

0DA(zdec), where zdec is the
redshift at decoupling and DA is the comoving angular diameter
distance. For more details on the compressed Planck likelihood
please see Appendix A of [59].
 M

4

We have made the choice of flat priors on the base cosmologi-
cal parameters as follows: the baryon density 100ωb = [1.9, 2.5];
cold dark matter density ωcdm = [0.095, 0.145]; Hubble parame-
ter H0 = [60, 80] km s−1 Mpc−1.

A wide range of flat prior on the model parameters w0, w1, w3:
w0 = [0, 300], w1 = [−50, 50] and w3 = [−50, 50] has been
considered. We have fixed the model parameter w2 to be zero.
This choice has been considered from the point of view of the
stability of the CLASS code and also to minimize the shooting
failure. The choice of w2 = c(p−Ωm0 d) = 0 establishes a relation
between p, Ωm0 and d as Ωm0 =

p
d , which does not put any tight

constraint on other model parameters w0, w1 and w3; there will
e always room for suitable choice of parameters which can lead
o a viable cosmological model.

In Fig. 1, we have shown the triangular plot which shows the
D and 1D posterior distribution of the cosmological parameters
00wb, wcdm,H0, Ωm and σ8. A comparison has been made with

the ΛCDM case represented by red plots in the figure. The con-
straints on the various cosmological parameters for the ΛCDM
and the φCDM models have been enlisted in Table 1. Although
there is a slight increment in the value of H0 for the φCDM model,
but it is far from solving the Hubble tension. A similar result
of slight increment of the H0 parameter from ΛCDM value for
he scalar field models has been reported in [60,61]. Both these
orks analyze a large class of potentials for scalar field models
nd reported its inability to solve the H0 tension.
The observational constraints on the model parameters includ-

ng the dark energy EoS are shown in Fig. 2. The best fit value of
he EoS of the dark energy is found to be wDE = −1.04+0.0204

−0.0166
hich is in the phantom region. In Fig. 3, we have plotted the
osterior probability Pr(wz) of the dark energy EOS wφ against

z. The deeper blue region enclosed by the solid lines represents
1σ (68%) contour level and the lighter blue region represents
2σ (95%) contour level. This plot suggests a phantom crossing
of the universe around z = 2.7 which occurs following the
conditions mentioned in Section 2.

In Fig. 4, we have shown the posterior probability of the
expansion rate of the universe H(z)/(1+ z) with respect to z. For
comparison we have plotted the observational data from Sh0ES
[62] and BAO observations [63–66]. The blue line corresponds
to the φCDM model and the red line corresponds to the ΛCDM
model. The deeper and lighter blue and green regions represent
the 1σ (68%) and 2σ (95%) contour level for the φCDM and ΛCDM
model respectively. A similar plot for the posterior probability of
the deceleration parameter q(z) is given in Fig. 5 with 1σ and 2σ
confidence level. A flip in the signature of the deceleration param-
eter is observed which indicates a transition from the decelerated
phase to an accelerated phase which is a must for the unhindered
structure formation of the universe.

To compare the ΛCDM model and our proposed φCDM model,
we have used χ2

min value difference between the models, ∆χ2
min =

2
φ − χ2

Λ = −5 (see Table 1). This indicates that the proposed
CDM model gives a better fit to the data as compared to the
CDM model. We have also computed the Bayesian evidence

or model selection to be more certain about the preference
n the model from data. Bayes factor is used to penalize the
omplex models involving many parameters and hence to avoid
verfitting. To compare the models we have computed ln BφΛ =

nZφ − lnZΛ, where Z is the Bayesian evidence. According to
Jeffreys’ scale, the strength of preference on φCDM over ΛCDM
will depend on the value of ln BφΛ. If ln BφΛ < 1, the preference
s negative and if ln BφΛ > 1; > 2.5; > 5.0 the preference is
ositive, moderate and strong respectively. For more details, one
an refer to [67]. The calculation of the Bayes factor is numerically
hallenging; for this, we have used the publicly available code

CEvidence [68] which can calculate the Bayes factor directly
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Fig. 1. Triangular plot of 2D and 1D posterior distribution of the cosmological parameters 100w1 , wcdm , H0 , Ωm and σ8 using various dataset mentioned in Section 3.1.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
m
a

from the MCMC chains generated by the Monte Python. As listed
in Table 1, we have obtained ln BφΛ = +2.005 which indicates
positive preference on the φCDM model compared to the ΛCDM
model.

3.2. Numerical evolution

We have considered the observational constraints obtained on
the parameters w0, w1, w3 in the previous section to inves-
tigate the numerical evolution of the system. Fig. 6 shows the
evolution of the EoS parameter of the scalar field component wφ

ith respect to redshift z. To understand the effect of the model
arameters w0, w1, w3 on the cosmological parameters, we con-
ider to vary one parameter keeping others fixed to the best fit
alues obtained from the MCMC analysis. The black dashed lines
n all the plots correspond to the best fit values of the model
arameters [w0, w1, w3 : 207, −30.7, 4.25]. In the top panel of

Fig. 6, we vary w0 while keeping the parameters w1 and w3 fixed
to the best-fit value. In the middle and bottom panels, we vary
w1 and w3 respectively keeping the other two parameters fixed.
Our choice of parameters lies well within the posteriors obtained
by the MCMC analysis in the previous section. From Fig. 6 one
5

Table 1
Best fit values of different cosmological parameters for the ΛCDM and φCDM
odels. The posteriors can be seen from the triangular plots provided in Figs. 1
nd 2.
Parameter ΛCDM φCDM

100 ωb 2.25+0.013
−0.0129 2.24+0.0146

−0.0128

ωcdm 0.118+0.00069
−0.000705 0.119+0.0096

−0.0098

H0 68+0.326
−0.319 68.9+0.573

−0.602

ΩDE 0.694+0.00426
−0.00406 0.701+0.00478

−0.00516

Ωm 0.306+0.00406
−0.00426 0.299+0.00516

−0.00478

σ8 0.807+0.00255
−0.00254 0.821+0.011

−0.010

wDE −1 −1.04+0.0204
−0.0166

w0 – >96.97
w1 – < −10.03
w3 – 4.25+1.65

−3.46
∆χ2

min 0 −5
ln BφΛ 0 +2.005

can see that the current value of EoS of the scalar field lies in
the phantom region (w < −1) and the universe should have
φ
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Fig. 2. Triangular plot showing observational constraints on the model parameters w0, w1, w3 and the EoS of the scalar field wφ0 .
Fig. 3. This figure shows the posterior probability Pr(w|z) of the dark energy
EOS wφ against z. The deep blue region represents 1σ (68%) confidence contour
level and the light blue regions represent the 2σ (95%) confidence contour level.
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

undergone phantom crossing from the quintessence to phantom
(see the best fit curve, black dotted line). From the top panel it is
apparent that the effect of w0 on the EoS parameter is not very
significant at later epochs and also the redshift at which phantom
crossing occurs is insensitive to the value of w0. The effect of
the parameter w0 is only apparent at the early epochs of the
evolution of the universe. However, the present value of the EoS
parameter as well as the evolution of the EoS is quite sensitive
6

Fig. 4. The posterior probability Pr(H|z) of the expansion rate of the universe
H(z)/(1 + z) against z. The dark gray region represents 1σ (68%) contour level
and the light gray regions represent 2σ (95%) contour level. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

to both the parameters w1, w3. This finding is in agreement with
the results shown in Fig. 2 obtained by MCMC analysis. It has
been observed that the evolution of the EoS parameter will be
effected only when the variation of w1 is of the order of 10 or
more. The w0, w1 parameters appear to be unconstrained with a
lower cutoff of w > 96.97 (approximately) and a upper cutoff
0



N. Roy, S. Goswami and S. Das Physics of the Dark Universe 36 (2022) 101037

i

t
t
c
s

Fig. 5. This figure shows the posterior probability Pr(q|z) of the deceleration
parameter q(z) against z. The deep blue region represents 1σ (68%) contour level
and the light blue regions represents 2σ (95%) contour level. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

w1 < −5.5 (approximately) respectively. On the other hand w3
s tightly constrained with allowed values in the range 4.25+1.65

−3.46.
The evolution of the energy densities of the matter Ωm and the

scalar field Ωφ components has been shown in Fig. 7. We have
considered the same set of parameter values for w0, w1, w3 as in
Fig. 6. The blue curves represent the ΛCDM case for reference.
It can be seen from the plots that the energy densities are not
very sensitive to the model parameters w0, w1, w3 though these
parameters have significant effect on the evolution of the EoS of
dark energy.

We also show in Figs. 8 and 9 the temperature anisotropies
and the matter power spectrum (MPS) for the φCDM model
corresponding to the same set of model parameters as considered
in Fig. 6. For comparison, data from different experiments have
been plotted as references together with the numerical solutions.
For the temperature anisotropies (TT) we have used binned TT
power spectrum data from Planck 18 [69]. For the MPS following
data sets have been used: Planck2018 CMB data [69], SDSS galaxy
clustering [70], SDSS Lyα forest [71] and DES cosmic shear data
[72] (for details on full data collection, please see [73]).

The lower panels of Figs. 8 and 9 represent the relative dif-
ferences in Dl and P(k) in comparison to the ΛCDM case. It
is observed that in case of Dl, there is notable deviation from
ΛCDM case for both the lower and higher multipoles. For P(k), the
deviation from the ΛCDM case is observed at all scales. Although
the percentage deviation is not much, but one should, in principle,
take into account the dark energy perturbations as well to obtain
the complete picture. A similar claim has been made in [74] that
if one does not consider the dark energy perturbations, this can
result in misleading constraints on the cosmological parameters.
To calculate the Dl and P(k) we have used the PPF (Parameter-
ized Post-Friedmann) approximation [75] so that the dark energy
perturbations can cross the phantom divider smoothly. The PPF
approximation has already been implemented in the CLASS code
by default.

4. Conclusion

In this work we have revisited the dynamics of the scalar field
dark energy models and proposed a general scheme which can in-
clude both the quintessence and the phantom scalar field models.
Our method is simple and straightforward in which it is possible
to express all the cosmological parameters in terms of the redshift
(z), the present value of the matter density parameter (Ωm0)
and the normalized Hubble parameter (E). We have obtained the
expressions for various cosmological parameters and have found
that the final expressions of these cosmological parameters are
7

Fig. 6. The evolution of the EoS (wφ ) for the φCDM model for different choices of
the model parameters (w0, w1, w3) against the redshift z. The offset values refer
o the respective choices of the model parameters. The solid blue line represents
he ΛCDM model and the black dashed line represents the evolution of the EoS
orresponding to the best fit values obtained from MCMC analysis. The top panel
hows the evolution when we are varying only w0 while keeping the parameters

w1, w3 fixed. The middle and bottom panels show the evolution when w1 and
w3 are evolving keeping the other two respective parameters fixed. The blue
horizontal line corresponds to the ΛCDM case wΛ = −1. (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)

independent of the nature of the scalar field, either quintessence
or phantom. A general condition for the phantom barrier crossing
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Fig. 7. The evolution of the dark energy density parameter (Ωφ (z)) (dashed
ine) and the matter density parameter (Ωm(z)) (solid line). The top, middle and
ottom panels correspond to the variation of the model parameters w0, w1 and
3 respectively keeping other two respective model parameters fixed to the
est fit values.

f the dark energy models is also obtained. This general condition
s particularly interesting as it can help us to check the possibility
f phantom barrier crossing for a given DE model which complies
ith the methodology given here without a detailed numerical
tudy of the model. This encourages us to consider a suitable
arametrization of the Hubble parameter as toy model and to
tudy the model against the current cosmological observations.
 p

8

A publicly available version of the Boltzmann code CLASS
as been amended. The dynamics of the scalar field has been
ncorporated in the CLASS code by adding it as a fluid using
ur proposed parametrization. A detailed study of the model
gainst the recent cosmological data sets has been done using the
CMC code Montepython. The best fit value of the EoS parameter

or the scalar field at the current epoch comes out to be less
han −1 which indicates that at present phantom DE models
re preferred by observational data compared to quintessence
odels. However a phantom barrier crossing has been observed
ithin 2σ confidence level for a wide range of choice of the model
arameters.
The best fit value of H0 comes out to be 68.9+0.573

−0.602 which
appens to be more compatible with the PLANCK collaboration
esults and thus cannot alleviate the Hubble tension. This is in
greement with the recent results [37] where it has been shown
hat CMB+BAO+SN data put stronger constraints on H0 and on
ther background cosmological parameters and that the addition
f H0 prior from SH0ES (or from similar other local distance
bservations) cannot significantly pull the H0 value towards the
orresponding SH0ES value. A comparison between φCDM and
CDM models have been carried out using the concept of Bayes
actor and the φCDM model is found to have positive preference
ver the ΛCDM one. We have also found that there are slight de-
iations in the Dl and P(k) curves as compared to standard ΛCDM;
or Dl, deviation has been observed in both lower and higher
ultipoles whereas for P(k) the deviation has been observed at
ll scales.
We must admit that the choice of parametrization for E(z) is

otivated by mathematical simplicity and is not unique. A wide
ariety of parametrization can be considered which might be able
o solve the H0 tension as well. As of now, the current choice of
arametrization valid for these two scalar field models can not
lleviate the H0 tension completely, but interesting results may
e obtained by considering an interaction between the two dark
ectors. It has been recently shown in [76] that for popular and
imple choices of interaction term, the DM and DE sectors cannot
xchange energy at a rate greater than 7% of the critical energy
ensity over the course of a Hubble time which is too small to
olve the coincidence problem. However a different and intricate
hoice of the interaction term may lead to a different result and
s worth studying.
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Fig. 8. Plot of the CMB anisotropies for the φCDM model. The top, middle and bottom panels correspond to the variation of the model parameters as explained in
ig. 6. The bottom panel of each figure shows the relative difference between the φCDM and the ΛCDM (∆Dl = (Dl − DΛCDM

l )/DΛCDM
l ).
o

E

ppendix A. Cosmological parameters in terms of w0, w1, w2,

3

In the text we have considered two different sets of param-
ters [p, b, c, d] and [w0, w1, w2, w3]. Here we present all the
osmological parameters provided in Eqs. (17) to (22) in terms
9

f the parameters w0, w1, w2 and w3.

2(z) =
f3
f2

(A.1)

q(z) =
1
2f3

((f1 − w2)(1 + z)3 + w1(Ωm0 − 1)(1 + z)
(A.2)
+ 2w0(Ωm0 − 1))
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Fig. 9. Top, middle and bottom panel shows the plots of matter power spectrum (MPS) for the variation of the model parameters as explained in Fig. 6. At the
ottom panel of each figure we showed relative difference between the φCDM and the ΛCDM models, (∆P(k) = (P(k) − P(k)ΛCDM )/P(k)ΛCDM ).
Ωm(z) =
Ωm0f2(1 + z)3

f3
(A.3)

φ = 1 −
Ωm0f2(1 + z)3

(A.4)

f3

10
V (z)
3H2

0
=

1
6f2

[−(1 + z)(3( f1 − w2)(1 + z)2

− 2w3(Ωm0 − 1)(1 + z) − w1(Ωm0 − 1))

+ 6( f1 − w2)(1 + z)3 − 6w3(Ωm0 − 1)(1 + z)2

− 6w1(Ωm0 − 1)(1 + z) − 6w0(Ωm0 − 1)]
1 3

(A.5)
−
2
Ωm0(1 + z)
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Fig. B.10. Comparison of the H(z)/1 + z for the numerical solutions obtained from the CLASS code (represented by solid lines) and the analytical solutions obtained
from Eq. (A.1) (represented by dashed lines). In the bottom panel we have shown the percentage difference between the numerical solutions and the analytical
solutions.
Fig. B.11. Comparison of Ωφ (z) for the numerical solutions obtained from the CLASS code (represented by solid lines) and the analytical solutions obtained
rom Eq. (A.4) (represented by dashed lines). In the bottom panel we have shown the percentage difference between the two solutions.
(z) =

∫
1

ϵ(1 + z) f3

[(
3( f1 − w2)(1 + z)2

− 2w3 (Ωm0 − 1) (1 + z)

−w1 (Ωm0 − 1)
)
− 3Ωm0 f2(1 + z)2

]1/2
dz (A.6)

here

1 = (Ωm0(w0 + w1 + w3)),

f2 = (w0 + w1 + w3 − w2)

and

f3 = (f1 − w2)(1 + z)3 − w3(Ωm0 − 1)(1 + z)2

−w1(Ωm0 − 1)(1 + z) − w0(Ωm0 − 1).

Appendix B. Comparison between the analytical solution and
the numerical solution

In Section 3 we have mentioned that the dynamics of the
scalar field has been incorporated in the CLASS code as a fluid by
11
implementing the EoS of the DE given in Eq. (23). Here we present
a comparison between the numerical solutions obtained from
the CLASS code and the analytical solutions of the cosmological
parameters. In Fig. B.10 we have compared the expansion rate
(H(z)/1 + z) of the universe for these two solutions. The solid
lines are the numerical solutions obtained from the CLASS code
and the dashed lines are the corresponding plots for the analytical
solutions which can be obtained from Eq. (A.1). The bottom panel
of Fig. B.10 shows the percentage difference between the numer-
ical and the analytical solutions. A similar comparison between
the dark energy density (Ωφ) parameters for the numerical and
the analytical solutions has been provided in the upper panel
of Fig. B.11 along with the corresponding percentage difference
at the bottom panel. One can see that for both the cases the
percentage difference is less than 1%. It must be mentioned here
that in order to obtain the analytical solutions, we have used
the Klein Gordon (KG) equation for the scalar field whereas the
numerical solutions obtained from the CLASS code involve the
integral of the EoS of the dark energy over redshift interval. This
similarity and very little deviation justify our claim in Section 3
that if one considers the EoS of the scalar field as a fluid in the



N. Roy, S. Goswami and S. Das Physics of the Dark Universe 36 (2022) 101037

C
s

R

LASS code, it will resemble the same dynamics as that of the
calar field.
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